We consider a general effective Lagrangian for couplings of a Higgs boson to the top-quark to dimension-six operators including CP violation effects. Constraints on some of them are derived from the Z → bb data. We study the process e + e − → ttH to probe the nonstandard couplings. We find that at a linear collider with a c. m. energy √ s ∼ 0.5 − 1.5 TeV and a high luminosity of 10 − 1000 fb −1 , these non-standard couplings may be sensitively probed.
Introduction
Given the unknown nature of electroweak symmetry breaking and the fact that the large top-quark mass is mysteriously close to the electroweak scale, m t ≈ v/ √ 2 where v ≈ 246 GeV is the vacuum expectation value of the Higgs field, it is very suggestive that the top-quark sector may play a significant role in the electroweak symmetry breaking [1] . If this is the case, then the next generation of collider experiments will have the potential to explore this fundamental physics associated with the Higgs and top-quark sector. At high energy e + e − linear colliders, a light Higgs boson as expected in the standard model (SM) and in Supersymmetric (SUSY) models will be studied in detail [2] . In connection with the top-quark sector, the most promising process to study will be the Higgs boson and top-quark associated production [3] e + e − → ttH.
By scrutinizing this process in detail, one would hope to reveal the nature of the Higgs and top-quark interactions and hopefully gain some insight for physics beyond the SM. The observability of this signal over the SM backgrounds at e + e − colliders has been recently considered [4] . The accuracy to determine the ttH coupling in the SM is also studied in detail [5] . Possible CP-violation effects associated with the ttH vertex have been discussed [6] , in particular, in a general two-Higgs doublet model [7] and in supersymmetric models [8] . As a model-independent approach, it may be desirable to parameterize this class of physics by a low-energy effective Lagrangian with unknown couplings to be determined by experiments. Given an underlying theory, these (anomalous) couplings can be in principle calculated. Such an approach has been taken in Ref. [9] in a non-linear realization of the gauge symmetry, and in Refs. [10, 11] in a linear realization with an explicit scalar (Higgs boson) field.
In this paper, we wish to take such a model-independent approach to explore the physics in the Higgs and top-quark sector. We first introduce a linearly realized effective Lagrangian to dimension-six operators including CP violation. We classify them by power counting argument and derive constraints on some of them from Z → bb data. We calculate their effects at the future e + e − linear colliders with c. m. energies √ s = 0.5 − 1.5 TeV.
We then study some kinematical variables for process Eq. (1) and construct a CP asymmetry variable. We find that these non-standard couplings may be sensitively probed at high energy and high luminosity e + e − colliders.
2 Effective Interactions of a Higgs Boson with Top-quark
Effective Interactions
In the case of linear realization, the new physics is parameterized by higher dimensional operators which contain the SM fields and are invariant under the SM gauge group,
. Below the new physics scale Λ, the effective Lagrangian can be written as
where L 0 is the SM Lagrangian. O i are dimension-six operators which are
invariant and C i are constants which represent the coupling strengths of O i [10] . Recently the effective operators involving the top quark were reclassified and some are analyzed in Refs. [11, 12] . If we assume that the new physics is of the origin associated with the electroweak symmetry breaking, then it is natural to identify the cut-off scale Λ to be the order of O(4πv) and the coefficients C i the order of unity. Alternatively, based on unitarity argument for massive quark scattering [13] , the scale for new physics in the top-quark sector should be below about 3 TeV. Following Refs. [11, 12] , we find that there are seven dimension-six CPeven operators which give new contributions to the couplings of H to the top quark,
where Φ is the Higgs doublet with
Similarly, there are seven dimension-six CP-odd operators [14] which contribute to the couplings of H to a top quark,
Operators (3)−(16) contribute to both the three-point coupling ttH as well as four-point couplings ttHZ and ttHγ beyond the SM. The effective Lagrangian can be viewed as a low energy (derivative) expansion. It is thus informative to examine their energy dependence and this is listed in Table 1 . Operators O t1 and O t1 give the direct corrections to the top-quark Yukawa coupling and is energy-independent. Only O Dt and O Dt contribute to both three-point and four-point couplings and the three-point couplings are quadratically dependent on energy, due to the nature of double-derivative couplings. Explicit expressions in terms of physical states for the above operators in the unitary gauge and the corresponding Feynman rules for the vertices are presented in the Appendices.
Bounds on the Couplings
Before we move on to discuss collider phenomenology, we first examine the possible constraints on those operators from the measurement Z → bb. For an on-shell Z, one can write the effective vertex Zbb as
ttH ttHZ ttHγ where s W = sin θ W ; p b and pb are the momenta of outgoing quark and antiquark, respectively. The vector and axial-vector couplings are written as
where v b and a b represent the SM couplings and δV, δA the new physics contributions. To the order of 1/Λ 2 , the observable R b at the Z pole is calculated to be
where we have neglected the bottom quark mass. Inversely, we have
The SM prediction on R b and the latest experimental value are [15] 
If we attribute the difference as the new physics contribution, from Eq. (20) we obtain the limit at the 1σ (3σ) level
Operators O
Φq and O
Φq introduced in the last section modify the couplings at tree level. Assuming that there is no accidental cancellation between them, then they are calculated to be
Φq .
Noting that 2s W c W m Z /ev ≃ 1, we obtain the bound for each of them at the 1σ (3σ) level as
and O tBΦ they are not constrained by R b at tree level. However, at one-loop level they contribute to gauge boson self-energies, and thus rather loose bounds exist [12] with significant uncertainties. Bounds on them can also be studied from the argument of partial wave unitarity. The upper bounds are obtained in Ref. [12] ,
As to the new physics scale, it is plausible to envision that Λ ≈ 1 − 3 TeV, but we will keep v 2 /Λ 2 as a free parameter in our studies. For the convenience of our future presentation, it is informative to see the ranges of the unitarity bounds for Λ ≈ 3 − 1 TeV:
Obviously, collider experiments have to reach a sensitivity on these couplings below this level to be useful. Currently, there are no significant experimental constraints on the CPodd couplings involving the top-quark sector.
ttH Production with Non-standard
Couplings at Future e
Colliders
One would hope to explore the new interactions presented in the last section at high energy colliders. The relevant Feynman diagrams for e + e − → ttH production are depicted in Fig. 1 , where (a)−(c) are those in the SM and the dots denote the contribution from new interactions. We evaluate all the diagrams including interference effects, employing a helicity amplitude package developed in [16] . This package has the flexibility to include new interactions beyond the SM. We have not included the QCD corrections to the signal process, which are known to be positive and sizeable [17] .
Following the power counting argument made about Table 1 , we expect that modifications to the SM prediction from different operators would be distinctive at high energies. Due to the strong constraints on O (1) Φq and O (3) Φq from the Z → bb measurement, the effects of these operators at colliders will be rather small. We will thus neglect them. For the purpose of illustration, we will only present results for the operators O t1 (energy-independent) and O Dt (most sensitive to energy scale) and hope that they are representative to the others with similar energy-dependence based on the power-counting behavior. For simplicity, we assume one operator to be non-zero at a time in our study.
The production cross sections versus √ s are shown in Fig. 2 , (a) for
for m H = 100, 120 and 140 GeV. The dashed curves are for the SM expectation. As anticipated, contributions from O Dt become more significant at higher energies.
We show the Higgs boson mass dependence of the cross section in Fig. 3 , (Fig. 4(c) ), while at higher energies the contribution from O Dt is substantial and the quadratic terms become quickly important (Fig. 4(d) ).
Sensitivity to the Non-standard Couplings
To establish the sensitivity limits on the non-standard couplings that may be probed at future linear collider experiments, one needs to consider the identification of the final state from ttH, including the branching ratios and the detection efficiencies. For a light Higgs boson of current interest, its leading decay mode is H → bb. The branching ratio for this mode is about 80% ∼ 50% for the mass range of 100 ∼ 130 GeV. To assure a clear signal identification, we require to identify four b-jets in the final state. We assume a 65% efficiency for single b-tagging [18] . As for the decays of W ± from tt, to effectively increase the signal rate, we include both the leptonic decay (e ± , µ ± ) [4] and the pure hadronic decay [5] . These amount about 85% of the tt events. With the above event selection and imposing certain selective acceptance cuts, one expects to significantly suppress the QCD and EW background processes e + e − → gtt, Ztt [4, 5] . We estimate an efficiency factor ǫ for detecting e + e − → ttH to be ǫ = 10 − 30%, and a factor ǫ ′ for reducing QCD and EW background to be
in our further evaluation. The background cross sections for QCD (σ QCD ), electroweak (σ EW ) and e + e − → ttH in the SM (σ SM ) at selective energies without branching ratios and cuts included are listed in Table 2 which are consistent with that in [5] .
2.32 0.79 1.93 √ s(1.5 TeV) 1.36 0.62 1.54 Table 2 : Background cross sections σ SM , σ EW and σ QCD in units of fb at selective energies for m H = 120 GeV.
To estimate the luminosity (L) needed for probing the effects of the nonstandard couplings, we define the significance of a signal rate (S) relative to a background rate (B) in terms of the Gaussian statistics,
for which a signal at 95% (99%) confidence level (C.L.) corresponds to σ S = 2 (3).
CP-even Operators
In the present of the CP-even operators, the ttH cross section (σ) would be thus modified from the SM expectation. The event rates in Eq. (31) are calculated as
We then obtain the luminosity required for observing the effects of O t1 at 95% C.L. for 500 GeV and 1 TeV for C t1 in Fig. 5 and for 1 TeV and 1.5 TeV for C Dt in Fig. 6 , where the two curves are for 10% and 30% of signal detection efficiency, respectively. We see that at a 0.5 TeV collider, one would need rather high integrated luminosity to reach the sensitivity to the non-standard couplings; while at a collider with a higher c.m. energy one can sensitively probe those couplings with a few hundred fb −1 luminosity. Some kinematical distributions are discriminative for the signal and backgrounds. For instance, the existence of O Dt will affect the distributions of the final state particles. In Fig. 7 , we plotted three distributions, dσ/dE t , dσ/dm tt and dσ/d cos θ H . Here E t and E H are the energy of top quark and Higgs respectively, m tt is the invariant mass of the tt system, and θ H is the angle of Higgs with respect to the electron beam direction. Non-standard couplings typically enhance the cross section rate at higher particle energies and at the region of a central scattering angle.
CP-odd Operators
If there exist effective CP-odd operators beside the SM interaction, then CP will be violated in the Higgs and top-quark sector. Similar to the discussion in the previous section, one can try to observe the effects of the operators beyond the SM expectation. The total cross sections versus the CP-odd operators O t1 and O Dt are shown in Fig. 8 for m H = 120 GeV and √ s = 1 TeV.
We see that the cross sections depend on CP-odd couplings approximately quadratically. This implies that the corrections to the cross sections come from the squared terms of matrix elements and there is essentially no large interference between the SM and new operators. To unambiguously establish the observation of CP violation, one needs to examine CP-violating observables. The CP-violating effect can be parameterized by a cross section asymmetry as
where p 1 , p 3 and p 4 are the momenta of the incoming electron, top quark and anti-top quark, respectively. The 1σ statistical error for N + and N − are √ N + and √ N − respectively, where N + is the number of the events for (p 1 × p 3 ) • p 4 > 0. and N − is the number of the events for (
we get the definition of the confident level for two σ as
The asymmetry A CP versus the CP-odd operators O t1 and O Dt is shown in Fig. 9 for m H = 120 GeV and √ s = 1 TeV. As one can anticipate, A CP depends on the couplings linearly since it comes from interference terms. The luminosity required for detecting the effects on the total cross sections and A CP is shown in Fig. 10 versus CP-odd couplings with 95% C.L for m H = 120 GeV and √ s = 1 TeV. The solid curves are for the cross sections with efficiency factors ǫ = 30% and ǫ ′ = 10% according to Eq. (31). The dashed curves are for A CP with ǫ = 30% according to Eq. (34). Apparently, the effects on the total cross section due to CP-odd operators are much stronger than that on A CP . In other words, the direct observation of the CP asymmetry would need much higher luminosity to reach.
Conclusions
We have considered a general effective Lagrangian to dimension-six operators including CP violation effects. Constraints on some of the couplings can be derived from the Z → bb data. We have studied the process e + e − → ttH to explore the non-standard couplings of a Higgs boson to the top-quark. We found that future linear collider experiments should be able to probe those couplings well below their unitarity bounds. To reach good sensitivity, the integrated luminosities needed are about O(1000, 100, 10 fb 
Appendix A Operators
We work in the unitary gauge. The Higgs doublet can be simplified as
The expressions of the seven CP-even operators in Eqs. (3)− (9) after the electroweak symmetry breaking are given by
The expressions of the seven CP-odd operators Eqs. (10)− (16) after the electroweak symmetry breaking in the unitary gauge are given by .14) where g 1 and g 2 are the gauge couplings for U(1) and SU (2),
Appendix B Vertices
The momentum for a fermion is in the direction of a fermion line. The momentum for a boson is incoming into the vertex. That is, fort(p 1 ) − t(p 2 ) − h(p 3 ), p 2 and p 3 are incoming and p 1 is outgoing; for 
CP-even Vertices
t(p 1 ) − t(p 2 ) − h(p 3 ) : i v 2 √ 2 C t1 Λ 2 Z 0 µ (p 4 ) − h(p 1 ) − t(p 3 ) − t(p 2 ) : im Z C t2 Λ 2 (γ 5 γ µ − γ µ ) t(p 1 ) − t(p 2 ) − h(p 3 ) : i 1 2 √ 2 C Dt Λ 2 (−p 1 · p 3 + p 2 · p 3 + γ 5 p 1 · p 3 + γ 5 p 2 · p 3 ) Z 0 µ (p 4 ) − h(p 1 ) − t(p 3 ) − t(p 2 ) : i g 2 12 √ 2c W C Dt Λ 2 × (−3p 2µ − 3p 3µ − 8γ 5 p 1µ s 2 W + 3γ 5 p 2µ − 3γ 5 p 3µ ) γ µ (p 4 ) − h(p 1 ) − t(p 3 ) − t(p 2 ) : i √ 2 3 g 2 s W C Dt Λ 2 γ 5 p 1µ Z 0 µ (p 4 ) − h(p 1 ) − t(p 3 ) − t(p 2 ) : c W 2 √ 2 C tW Φ Λ 2 σ µν p ν 4 γ µ (p 4 ) − h(p 1 ) − t(p 3 ) − t(p 2 ) : s W 2 √ 2 C tW Φ Λ 2 σ µν p ν 4 Z 0 µ (p 4 ) − h(p 1 ) − t(p 3 ) − t(p 2 ) : − s W 2 √ 2 C tBΦ Λ 2 σ µν p ν 4 γ µ (p 4 ) − h(p 1 ) − t(p 3 ) − t(p 2 ) : c W 2 √ 2 C tBΦ Λ 2 σ µν p ν 4 Z 0 µ (p 4 ) − h(p 1 ) − t(p 3 ) − t(p 2 ) : −i2m Z C (1) Φq Λ 2 γ µ P L Z 0 µ (p 4 ) − h(p 1 ) − t(p 3 ) − t(p 2 ) : i2m Z C (3) Φq Λ 2 γ µ P L CP-odd Vertices t(p 1 ) − t(p 2 ) − h(p 3 ) : i v 2 √ 2 C t1 Λ 2 (iγ 5 ) t(p 1 ) − t(p 2 ) − h(p 3 ) : −v C t2 Λ 2 γ µ P R p µ 3 t(p 1 ) − t(p 2 ) − h(p 3 ) : 1 2 √ 2 C Dt Λ 2 (−p 1 · p 3 − p 2 · p 3 + γ 5 p 1 · p 3 − γ 5 p 2 · p 3 ) Z 0 µ (p 4 ) − h(p 1 ) − t(p 3 ) − t(p 2 ) : g 2 12 √ 2c W C Dt Λ 2 × (8s 2 W p 1µ − 3p 2µ + 3p 3µ + 3γ 5 p 2µ + 3γ 5 p 3µ ) γ µ (p 4 ) − h(p 1 ) − t(p 3 ) − t(p 2 ) : − √ 2 3 g 2 sin θ w C Dt Λ 2 p 1µ Z 0 µ (p 4 ) − h(p 1 ) − t(p 3 ) − t(p 2 ) : cos θ w 2 √ 2 C tW Φ Λ 2 (iγ 5 )σ µν p ν 4 γ µ (p 4 ) − h(p 1 ) − t(p 3 ) − t(p 2 ) : sin θ w 2 √ 2 C tW Φ Λ 2 (iγ 5 )σ µν p ν 4 Z 0 µ (p 4 ) − h(p 1 ) − t(p 3 ) − t(p 2 ) : − sin θ w 2 √ 2 C tBΦ Λ 2 (iγ 5 )σ µν p ν 4 γ µ (p 4 ) − h(p 1 ) − t(p 3 ) − t(p 2 ) : cos θ w 2 √ 2 C tBΦ Λ 2 (iγ 5 )σ µν p ν 4 t(p 1 ) − t(p 2 ) − h(p 3 ) : − C (1) Φq Λ 2 vγ µ P L p µ 3 t(p 1 ) − t(p 2 ) − h(p 3 ) : C (3) Φq Λ 2 vγ µ P L p
